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1 Introduction 



Lewis and Vogel proved (see jLVlj . |LV2j ) that a bounded domain whose harmonic measure (with 
respect to a fixed point) is a constant multiple of the surface measure to the boundary (i.e. a 
domain whose Poisson kernel is constant) is a ball, provided the surface measure has at most 
Euclidean growth. In this paper we prove that this result is stable under small perturbations. 
Namely a bounded domain whose Poisson kernel is almost constant, and whose surface measure to 
the boundary has at most Euclidean growth, is geometrically close to a ball. 

Both of these results can be viewed as free boundary regularity results for the Poisson kernel. An 
interesting feature is that regularity of the free boundary is proved without an a-priori assumption 
of flatness. In fact, our main theorem states that a domain whose Poisson kernel is almost constant 
has a locally flat boundary (see Theorem 12. Once the boundary is known to be locally flat the 
proof of regularity is standard. 

Let rj C be a bounded domain and a set of locally finite perimeter such that € O and 

l-i^{dVt) < oo. Let CO denote the harmonic measure of 0, with pole at 0. Let a denote the surface 
measure of the boundary, i.e. a = TC^ L dVl. Let h = ^ denote the Poisson kernel of $7 with pole 
at 0. First we state Lewis and Vogel's result. Then we state one of our results which emphasizes 
the stability of their result. 

Theorem 1.1 |LV1| Assume that C satisfies 

,^ ^, W"(5(Q,r)naO) 

(1.1) sup sup J < oo, 

o<r<iQean r" 



(1.2) (J = L dn. 

Then Q is a ball of center and radius R > such that TC"'{dB(0, R)) = 1. 

*The second author was partially supported by NSF through DMS and by a Transitional Support Grant from 
ADVANCE at UW 
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Theorem 1.2 Assume that Q C R"^^ satisfies 

n^{B{Q,r) ndn) 

(1.3) sup sup < oo, 

o<r<i Qean 



(1.4) -1^ = ^ and sup | log /i| < e, 

do. 

for some e > small enough, Then Vt is a "smooth" deformation of B{0, R) and D[B{0, R),^}] < 4e. 
Here TC"'{dB{0, R)) = 1 and D denotes the Hausdorff distance. 



The paper is organized as foUows: in section 2 we introduce some definitions and state the main 
theorem precisely. In section 3 we prove that the gradient of the Green function near the boundary 
is controlled by the Poisson kernel. This is a consequence of the fact that the gradient of the 
Green function is a subharmonic function on a bounded domain and therefore the values near the 
boundary are controlled by the boundary values. Recall that the Poisson kernel is basically the 
derivative of the Green function at the boundary. As a consequence we show that if satisfies 
(|1.3|) and ()1.4() then D[B{0, R),il.] < Ae. In section 4 we introduce a local notion of flatness which 
involves the geometry of the boundary at a point and the behavior of G and log h near that point. 
This allows us to show that dVt is locally flat. In section 5 we present some applications of Theorem 

o 



2 Preliminaries 



In this section we introduce the deflnitions needed to state our main results. The main theorem 
appears at the end of the section and it is proved in section 4. We always assume that n > 2. 

Definition 2.1 Let S C W^^^ be a locally compact set, and let 6 > 0. We say that S is 6-Reifenberg 
flat if for each compact set K C M"^^, there exists Rk > such that for every Q £ K n and 
every R G (0,Rk] there exists an n-dimensional plane L{Q,r) containing Q such that 

(2.1) -Dp n B{Q, r), L{Q, r) n B{Q, r)] < 6. 

r 

Here B{Q,r) denotes the (n + l)-dimensional ball of radius r and center Q, and D denotes the 
Hausdorff distance. 

RecaU that for A,B C M"+\ 

D[A, B] = sup{d{a, B) : a e A} + sup{d(6, A) : b e B}. 
Note that the previous definition is only significant for 6 > small. We denote by 

(2.2) 9{Q,r) =mf!^^D[^nB{Q,r),LnB{Q,r)]^ , 
where the infimum is taken over all n-planes containing Q. 
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Definition 2.2 Let C M"^-'^ be a set of locally finite perimeter (see jEGj ). dQ is said to be 
Ahlfors regular if the surface measure to the boundary, i.e., the restriction of the n-dimensional 
Hausdorff measure to 50, a = TC^ L dQ, is Ahlfors regular. That is there exists a constant C > 1 
so that for Q G and r G (0, diami7) 

(2.3) C" V" < a{B{Q, r)) < Cr". 

Definition 2.3 Let Q, C M"'^"'^ be a bounded set. We say that Q has the separation property if 
there exists i? > such that for Q £ dO, and r G (0, i?] there exists an n-dimensional plane C{Q, r) 
containing Q and a choice of unit normal vector to C{Q,r),nQ^ satisfying 

(2.4) T+(Q, r) = |x = {x, t) = x + G S(Q, r) : x G £(Q, r), f > C f^, 
and 

(2.5, T-(Q, = = = . + «SS e r) : . e r). < < -irl c 



The notation {x, t) = x+triQ^. is used to denote a point in M""*"^. The first component, x, of the pair 
belongs to an n-dimensional affine space whose unit normal vector is n^^ . The second component 
t belongs to M. From the context it will always be clear what affine hyperplane x belongs to, and 
what the orientation of the unit normal vector is. 

Definition 2.4 Let 6 G (0, 5^)) where 6n is chosen appropriately (see note below) and let C M""''^. 
We say that O is a 5-Reifenberg flat domain or a Reifenberg flat domain if $7 has the separation 
property and d^l is (5-Reifenberg flat. 

When we consider 5-Reifenberg flat domains in M"+^ we assume that 5„ > is small enough, in 
order to ensure that we are working on NTA domains (see definition in Appendix A, see also |JKj 
and fKT2l Theorem 3.1]). 

Definition 2.5 A set of locally finite perimeter Q C M""*"^ is said to be a chord arc domain, if Q 
is an NTA domain whose boundary is Ahlfors regular. 

Definition 2.6 Let 6 G (0,5„). A set of locally finite perimeter J7 C R""*"^ is said to be a 5- 
Reifenberg flat chord arc domain, if $7 is a 5-Reifenberg flat domain whose boundary is Ahlfors 
regular. 

Definition 2.7 Let 5 G (0, 5„). A bounded set of locally finite perimeter Q is said to be a 5-chord 
arc domain or a chord arc domain with small constant if 17 is a 5-Reifenberg flat domain, 9$7 is 
Ahlfors regular and there exists R > so that 

(2.6) sup \\Tl \\^{Q,R) < 6. 

Q&annK 
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Here 'n denotes the unit normal vector to the boundary, 

(2.7) ln\\^{Q,R)= sup ( > -^s^da)^ 

0<s<R J B{Q,s) 

and^ =/b(q,.)"'^^- 



Definition 2.8 Let Q. C M"+^ be a chord arc domain. Let / e Lf^^{da), we say that / E BM0(90) 
if 

(2.8) 11/11, = sup sup ( / |/-/Q,,|2da)^ <oo. 

r>0 Q69n J B{Q,r) 

Here /q,,. = ^B^g^^-^fda, and cr = W L 50. 

Definition 2.9 Let C M"+^ be a chord arc domain. We denote by VMO(3r2) the closure in 
BM0((?r2) of the set of uniformly continuous bounded functions defined on dVl. 

From now on we assume that Q. C M"^^ is a bounded domain and a set of locally finite perimeter 
such that S O and 7V^{dVt) < oo. Let to denote the harmonic measure of with pole at 0. Let a 
denote the surface measure of the boundary. Let h = ^ denote the Poisson kernel of 17 with pole 
at 0. 

Theorem 2.1 Assume that n C satisfies 

n^{B{Q,r) ndn) 

(2.9) sup sup < oo. 

o<r<i Q£dn r'"' 

Then given o" > small enough there exists e > such that if 

(2.10) sup I log /i| < e 

an 

then dil. is a-Reifenberg flat. 



3 Rough geometric properties 

The Main Lemma below provides a crucial estimate of the gradient of the Green function near 
the boundary in terms of the Poisson kernel. It allows us to deduce that under the hypothesis of 
Theorem 12.11 dQ is contained in a very thin annular region. 

Main Lemma Let Q C M"""*"^, G 0. Let G denote the Green function of Q with pole and let h 
be the corresponding Poisson kernel. Assume that 

(3.1) sup sup < oo 

o<r<iQedn r"- 
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and 

(3.2) sup I log h\<e 

on 

for some e G (0, 1). Then 

(3.3) limsup|VG(X)| < V P G 50. 



Let 

(3.4) Ko = sup sup ^ < oo. 

0<r<iQedn r"^ 

Lemma 3.1 Under the assumptions above, let R > be such that B{0, i?) C $7 and dB{0, R)ndQ ^ 
0. Then 

(3.5) |VG(X)| < CnKo VX G n\B (o, | 



Proof. Apply the Riesz decomposition theorem for subharmonic functions to G (see [HJ Theorem 
6.18]). Let Q edQhe such that B{Q,r) 

(3.6) G(Q) = ^ G(Z)da(Z) 

9B{Q,r) 

"(n-l)(n + l)c^„+i il(Q,,)n9Q (^^Qpi ~ ^) 
Using Fubini and the fact that G{Q) = (|3.6|) yields 

(3.7) f G(ZM,(Z)._i^r-(^(«'") 

J (n + l)w„+i Jo 



(n + l)w„+i Jo 

aB{Q,r) 

Note that ^^TU^ and (jS31) imply that for t < 1, 

(3.8) uj{B{Q, t)) < e'n''{B{Q, t) D dn) < e^K^f 
Combining (|3.7|) and l|3.8|) we have that for e <\ 

(3.9) ^ G{Z)da{Z) < GnKor 



-dt. 



dB{Q,r) 



whenever Q G and ^ B{Q,r) 
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Let X G Q\B (O, -f), there exists Q e dft such that d{X) = r = \X - Q\ where d{X) denotes 
the distance from X to d^. If r < then B{Q,4r), and the representation formula for 
subharmonic functions imphes 

Since |Z - X| > r for X G dB{Q,r), (ESD and (l!nn|) yield 

(3.11) GiX) < ^ ^ G(Z)(ia(Z) < CnKor = CnKod{X). 

dB(Q,2r) 



If d{X) = r > ^, X £ B [Q, and ^ B [Q, A similar argument to the one sketched 

above proves that 

(3.12) GiX) <Cn G{Z)da{Z) < CuKqR < CnKod{X). 

dB{Qlr) 

Thus we have shown that for X G Vl\B (O, -j) 

(3.13) G{X) < CnKod{X). 
Standard estimates for harmonic functions on Q\B (O, ^) ensure that 

(3.14) \s7G{X)\<Cn^^ = CnKo 



The proof of the Main Lemma is a slight variation of the proof that appears in |LVlj . We sketch 
the proof and try to indicate as we go along what the ideas behind the calculations are. For further 
details we refer the reader to |LVlj and |LV2j . 



Proof of Main Lemma: Let M = limsupj^^^^f^ |VG(X)|. Assume that M > e^. Let S G 
(0, 10-1°) and let Xq G n\B (O, ^) be such that 

(3.15) \VG{Xo)\ > M - S. 

Let W{X) = max{|VG(X)| - (M - 25); 0}, observe that W{Xo) > 5, and that W is subharmonic 
in ri\B (O, ■^)- Let Go be the Green's function of with pole at Xq. By Sard's theorem we can 
choose t > such that |VGo(X)| 7^ on {X : Gq{X) = t}. Green's second identity, the fact that 
W is subharmonic on ^}\B (O, -p), the maximum principle applied to G and Go on ^}\B (O, -^) and 

^l\B (^Xq, respectively, where do = d{Xo) and (|3.5|) yield 

(3.16) l< [ ^^u)dH-{Y) 
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provided Xq is close enough to dO,, and t is chosen smah enough so that |VG| < M + 5 on 
{X : Go{X) = t}. Let E{t) = {X : \VG{X)\ > M - 25} n {X : Gq{X) = t). 

First one shows that E{t) is a "large" set at "distance" comparable to t from dO,. More precisely 
for X e E{t), 

(3.17) Cid{X) < t < C2d{X) 

where Ci = C{n, Kq, R, Xq) for i = 1,2. Furthermore for t small enough there exist balls 
{B{Xi,d{Xi)} with Xi = Xi{t) £ E{t) such that 

(3.18) m^l\B(xJ-^\ 

i ' 



(3.19) ^i^^'Wj^^l^-^J=^ '^''^^ 

(3.20) j;d(X,)">C3-\ 

i 

where C3 = C{Xq, KQ,n, R). Note that each B(Xi,d{Xi)) is tangent to 9^2. 

Let 7 > be a small positive constant. Since $7 is a set of locally finite perimeter, Egoroff 's theorem 
ensures that there exits > so that 

(3.21) ^ < 1 + 7 for < r < 

whenever Z e dQ\A and W"(A) < 7^0°". Choosing t < (ITTHl) . ((XTH), (HT^ and Lemma 3 in 
|LVlj guarantee that there exists Y £ E{t) so that 



(3.22) |VG(X) - VG(y)| <7 V X E S(y; (1 - 7)d(y)) 

and if Z G 5iln (9S(y, (i(y)) then there exists Z £ such that \Z-Z\ < -it and Z satisfies 
For < r < ro (ESJ, (|SIZI), (ESJ, (pH^ and the fact that t ~ d(y) yield 

(3.23) Gda < Gda + GnKo-ft 

dB{Z,r) dB{Z,r) 

- (n + l)uJn+l Jo n 01 K J 

(n + l)£x;n+i Jo s 

^ r^T? (l + 7)r + C„Ko7rf(n 

(n + l)a;„+i 

Assume Z = F - d(y)e, from and (ITTni we deduce for X G B(y, d{Y)) 

(3.24) |G(X) - G(y) - (VG(y); X - F) | < C„i^o7^^(n- 



For X = Z we have 

(3.25) \G{Y) - {VG{Y)-d{Y)e)\ < CnKQld{Y). 

Combining and and using the fact that G > we obtain for X e B{Y,d{Y)) 

(3.26) -(VG(y), e)d(y) - (VG(y); X -Y) < 2CnKojd{Y). 
Since Y e E{t), \VG{Y)\ / 0, letting X tend to -d{Y)VG{Y)/\VG{Y)\ we obtain 

(3.27) < \VG{Y)\ - (VG(y),e) < 2G„i^o7- 
Combining (HT^ . (IrT^ and (IrT^ we find that 

(3.28) \G{X) - (VG(y); e)((X -Y,e) + d{Y))\ < CnKo7d{Y) 
for X G 5(y,d(y)). Let r = -f^/^d{Y). Note that 

(3.29) 7t:"({X : (X - y, e) + d(y) > 0}\B(y, d{Y)) n a5(Z, r)) < G7^/V" 
and on this set 

(3.30) {X -Y;e)+ d{Y) < C-f'^^^r. 
From (E2H1), (E211), (ITITO and (jXHH we have 

(3.31) / G{X)daiX) 

JdB{Z,r) 



> / G{X)da{X) 

ldB{Z,r)n{X:{X-Y,e)+d{Y)>0} 



> / G(X)da(X) 

J dB{Z ,r)n{X:(X-Y,e)+d(Y)>0}nB{Y,d{Y)) 



> (VG(y),e) / ((X-y,e)+d(y))da(X) 

J dB{Z ,r)n{X:{X-Y,e)+d{Y)>0}nB{Y,d{Y)) 

> (VG(y),e) / ((X-y,e) + d(y))(ia(X) 

./eB(z,r)n{X:(x-y,e>+d(y)>o} 

-G|(VG(y),e)|7^/V"+^ 

> (VG(y),e) / ((X-y;e) + d(y))d(7(X) 

J dB(Z ,r)n{X:{X-Y,e)+d{Y)>0} 



Note that 



(3.32) f {{X-Y,e)+d{Y))du{X)= [ Xn+ida{X). 

JdB{Z,r)n{X:{X-Y;e)+d{Y)>0} J dB{0,r)n{X:x„+i>0} 
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-ds = ^„r-+i 



The representation formula for subharmonic functions applied to V{X) = max{x„+i,0} yields 

(3.33) [ Xn+ida{X) = / 

JdB{0,r)n{X:x„+i>0} JO 

Combining (lOTT) . (|02]) and (|3:33l) we have 

(3.34) / G{X)da{X) > {VG{Y), e)a;„r"+i - CnKoj'/''r^+\ 

JdB{Z,r) 

From (jH^ and we deduce 

(3.35) (VG(y), e)-— ^^^^ r - C^Kot'/V < , e^(l + 7)r + ai^oT'^V 

(n + l)w„+i (n + l)a;„ 

thus 

(3.36) (VG(y), e) < e^(l + 7) + C^Kot'/'- 
Using the fact that Y € E{t), (|3.27|) and (|3.36j) we conclude that 

(3.37) M-25< |VG(y)| < (VG(y), e) + 2CnKoj < e^(l + 7) + CnKo^^^^. 

Since 7 > is arbitrary we conclude from (|l-i.H7j) that M — 25 < e'^ . Letting 5 tend to we get that 
M < , which contradicts our initial assumption that M > . This remark finishes the proof of 
the main lemma. I 

Let 

(3.38) 0<Ri= sup{r : B{0, r) C U} < 00 



(3.39) 0<R2 = inf{r : Q C B{0, r)} < 00. 

To estimate Ri, let Pi = dQ H dB{0, Ri). Let Gi be the Green's function of -6(0, Ri) with pole 0, 
let G be the Green's function of with pole 0. By the maximum principle for X G -6(0, -Ri)\{0} 

(3.40) Gi{X) < G{X). 

In fact if F(X) denotes the fundamental solution for the Laplacian in IR"+^ with pole at the origin 
then G = F — u and Gi = F — ui where An = in with n = -F on and Aui = in -6(0, -Ri) 
with ui = -F on dB(0, Ri). Since G > then n < -F in fi, and hence u < ui on (9-6(0, -Ri) (because 
-6(0, -Ri) C 0,). By the maximum principle u < ui in B(Q.Ra) which justifies (|O0|) . Letting 
X = tPi with t 1 (HTini) yields 

(3.41) liminf ^li^ < liminf ^i^. 
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Thus by (12.10(1 and the Main Lemma we have that 

If (jn = W(aS(0, 1)) then (IT^ impUes 

(3.43) (e-"a-^)i/" < Ri. 

To estimate i?2 let P2 € 5il be such that IP2I = max{|(5| : Q G i9f^}. Let G2 denote the Green's 
function of -6(0, R2) with pole at 0. A similar argument to the one above shows that for X G J^\{0} 



(3.44) G{X) < G2iX). 

Note that for P2 there exists a ball B C such that P2 e dQf] dB. 

Lemma 3.2 Let Q, G and h he as above. Let P C dQ and assume that there exists a ball B C 
n'' = {G = 0} so that P ednndB then 



■£ 



(3.45) limsup-^^>e- 

xen 



Proof. Let / = limsup^^^^. There exists a sequence {yfc}A:>i C il, such that ^ P and 

xen 

— > L Let dk = d(Yk,B). There exists X^ € dB so that \Yk — Xk\ = dk- Consider 
Gk{X) = (^i'^kX+Xk) X e B{0, 2) and Zk = ^^^3^- Without loss of generahty we may assume 
that Zk ^ e as k ^ 00, |e| = 1, and Gk — > Goo in C^oc i^"'^^) ■> ^Gk VGqo weak star in 

fc— >oo fc^oo 

L5^^(M"+^), weakly in L'^^^{W'^+^)] -^{dQ - Xk) = d{Gk > 0} — > d{Goo > 0} in the Hausdorff 
distance sense uniformly on compact sets, and X{Gk>o} ~^ X{Goc>o} in ^[^^(M"'*'-'^). Note that 
Gk{Zk) = thus Gk{Zk) I as k ^ 00. On the other hand since Gk converges uniformly 

to Goo in i?(0, 2), we conclude that Goo(e) = I- In order to prove the lemma we need to get a 
better understanding of Goo and iloo = {Goo > 0}. Our goal is to show that fioo is a half-space 
and Goo is linear. Let r be the radius of B. Let ak = d{dB{Xk,dk) H dB;L), where L is the 
tangent plane to B through Xk- An easy computation shows that Ok = 2^. Note that for Pk G 
B{Xk, dk)n{{P-Xk, < -ak} C B if Qk = then Qk € 5(0, 2)n{(X, Zk) < -^} and 

Gk{Qk) < 0. Passing to the limit as k tends to infinity we conclude that if y G -6(0, 2)n{(y, e) < 0} 
then Goo(y) = 0. Let Y G 5(0,2) n {{Y, Zk) > 0}, then either dkY + Xk G and Gk{Y) = or 
dkY + Xk G Q and given e > there exists ko such that for k > kQ 

r-^Afi^ _G{dkY^Xk^ 

^'■''^ didkY + Xk,B)^'^' 
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and 

(3.47) G{dkY + Xk) < {l + e)d{dkY + Xk,B) 

I dk r 

< {l + e)dki{Y,Zk) + 2^ 



which imphes 

(3.48) Gk{Y) = ^^d'Y^'^^ <{l + e)\ {Y, Zk) + 2^ 

dk I r 

Passing to the hmit as k goes to infinity we conclude that for Y G 5(0, 2) n {{Y, e) > 0} Goo{Y) < 
{I + £){Y, e) for every e > 0, thus Goo(Y) < 1{Y, e). Moreover Goo(e) = /. The maximum principle 
guarantees that Voo(^) = I max{(y, e); 0} for Y G -8(0, 1). 

If hk{X) = h{dkX + Xk), for C G G^{Bil, 0)), C > 



(3.49) / C%dW" = / VGfc • VC - / VGoo • vc = / Kdn"" 

Jd{Gk>0} yR"+i '«-*oo JR"+i y{(y,e)=0} 

thus 

(3.50) lim / Chkdn'' = I [ CdH"". 

k^-^ Jd{Gk>0} J{(Y,e)=0} 

On the other hand the divergence theorem ensures that 

(3.51) [ CdT-C^y [ Ce-i^kdn''= [ div(Ce). 
Jd{Gk>0} Jd{Gk>0} J{Gk>0} 

Since 



(3.52) / div (Ce) — > / div (Ce) = / Cdn"" = / (dH'' 

J{Gk>0} J {Goo>0} Jd{Goo>0} J(Y,e)=0 

we have that 

(3.53) lim / CdW" > / Cdn"". 

fc^°°J9{Gfe>0} J{{Y,e)=0} 

Since by h > e'" a.e. Q G dQ, using (TmH) and we have 

(3.54) lim / hkCdn'' > lim / e-^dU'' 

Jd{Gk >0} '^^'^ y^lGft >0} 

J{(y,e>=o} ^{(v-,e>=o} 
for any C G C;?°(B(1, 0)), C > 0. Therefore (Tmi) yields 

(3.55) / > e"^ 
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Combining (|c{.44() and (|3.45() we obtain that 

(3.56) |VG2(P2)| > limsup-^^ > e'^ 

Thus 

1 1 

(3 t = > g-£ 

^ ■ ' W"(9fi(0,i22)) (JnRi - 

which imphes 

(3.58) R2 < (eV-i)i 
We have proved the following lemma. 

Lemma 3.3 Assume that C M""^^ satisfies conditions \2.1\) and 112.^) in Theorem \2. 1\ then 

(3.59) 5(0, Ri)<zVL(1 B{0, R2) 
with 

(3.60) e"'' < (TnRi < CT„i?2 < 



4 Fine Geometric Properties 

In this section we prove Theorem 12. II For this purpose we first introduce a local notion of flatness 
that involves the geometry of the boundary at a point Qq, the behavior of G near Qo and the 
oscillation of \ogh near this point (see Definition 7.1 in |ACj ) . We assume that G is continuously 
extended to be identically outside il. Note that G is then subharmonic in M"^^. 

Definition 4.1 Let Q. C be as in Theorem ITTI Let Qq ^ 89., p > Q and (T+,cr_,r E (0,1). 

We say that 

(4.1) G e -P(<7+, (T_; r) in B{Qq, p) in direction v if 



(4.2) G{X) = for {X - Qq, v) > a+p 



(4.3) G{X) > -h{Qo)[{X - Qo, u) + a^p] for {X - Qq; v) < -a^p 
and 

(4.4) sup |VG(X)| < /i(Qo)(l + T) and osch <Th{Qo). 

X£B(Qo,p) B{Qo,p) 
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The proof is very similar to the ones presented in |ACj section 7 or in |KTlj . To avoid repetition 
we state the lemmata and only point out the main differences with respect to the proofs of the 
results mentioned above. For the complete details we refer the reader to |ACj and |KTlj . 

Lemma 4.1 Let C M"^^ be a bounded domain and a set of locally finite perimeter such that 
G ri. Let G and h be as above. There exists an > so that if a G (0, (T„,), t E (0, cj) and e E (0, a) 
with 

(4.5) sup I log h\ < e 

dn 

then for Qq £ d^l, p > and v G if G £ F((T, 1;t) in B{Qq,p) in direction v then G G 
F{2a,Ca;T) in B {Qq, ^) in direction v. Here C > 1 is a constant that only depends on n. 

Lemma 4.2 Let $7 C M""*"^ be a bounded domain and a set of locally finite perimeter such that 
G ri. Let G and h be as above. Given 6 G (0, 1) there exists ag > and tjq = rj £ (0, 1) so that if 
a G {0,ag) and r G (0, crgc^) then for Qq G OJl, p > if G £ F{a,a;T) in B{Qo,p) in direction v 
then G G F{9a,l;T) in B{QQ,rip) in direction U and \v — i>\ < Ga. 

Lemma 4.3 Assume that 17 C M"^^ satisfies \2.f^) . Then given o" > there exist £0- > such that 
^f 

(4.6) sup I log h\ < e with e < 

an 

then there is ps = p > (depending on e > 0) so that for Q G dQ, G G F{a,a; {e^^ — 1)^^'*) in 
B{Q,p). Here {e?^- - 1)^/^ < ^_ 

Proof of Lemma 14.31 Recall from Lemma 13.31 that under the above hypothesis B{0,Ri) C $7 C 
S(0,i?2) with 1 < R2/R1 < e^^, and e"^ < cr„i?," < for i = 1,2. Let e G (O, j) be a positive 
number to be chosen later depending on cr > 0. Let p = R\\f2\/ e^"^ — 1. From basic geometry 
and the remark above (see Lemma l3.3|l it is clear that for Q G dVl there exists an n-plane L[Q,p) 
through Q such that 

(4.7) -D[dn n B{Q, p),L{Q, p) n B{Q, p)] < ^f2^ e^^ - 1. 

P 



In fact take for example the n-plane through Q orthogonal to the line joining the origin to Q. Let v 
be the unit normal in the direction OQ we have that if X G Bi^Q, p) and {X — Q, u) > 2\/2Ve^'^ — Ip 
then since 1 < R2/R1 < e^^ 



(4.8) \X\' = \X-Q-{X-Q,u)i^\' + {X-Q,i^) + \Q\ 

> + 2V2Ve^' -IpY = RI{1 + 4(6^" - 1)) 

> i?ie-4"(4e2^ - 3)2 

> Rli^ - 3e-'^'f > RI 



2 
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Thus X r2 and G{X) = as G was extended to be identically equal to zero in 17^. Now let 
X G B{Q,p) with {X -Q,v) < -2^/2yJW^p. In this case 

(4.9) = \X-Q-{X-Q,u)v\'^ + \{X-Q,v) + \Q\\^ 

< |X-Q|2 + (i?2-4(e2^-l)i?i)' 



< 



Rl 



2{e^' - I) + [I - 2,{e^' - l)Y 

< (1 + 9(6^^ - 1)2 - 4(e2^ - 1)) i?? 

< [1 + {e^' - l)i9{e^' - 1) - i)] Rl < Rl 

provided e > is such that e^^ - 1< 4/9. Thus for X G B{Q, p) with {X-Q, u) < -2^/2Ve2^ - Ip, 
X E B{0, Rl) and by 1)3. 40p we have that if Gi denotes the Green function of I?(0, i?i) with pole 
then 

(4.10) G{X) > Gi{X) = Gi{X) - Gi (^Ri^^ 

> - sup \VGi{Y)\{Ri-\X\). 

Y£B{Q,p)nBiO,Ri) 

The last inequality is a simple application of the fundamental theorem of calculus. To esti- 
mate supY<^B{Q,p)nB{o,Ri)\'^^iO^)\ recall that Vi(Y) = |VGi(y)| is a subharmonic function on 
B{0,Ri)\B (0,^). Since R < \Q\ < R2 then B{Q,p) C B{0-,R2 + p)\B{0,Ri - p). By the 
maximum principle for bounded subharmonic functions 

(4.11) sup |VGi(y)| < sup |VGi(y)|. 

ye-B(Q,p)nB{o,Ki) ye9B(o,i?i)u9B{o,i?i-p) 

Since Gi{Y) = ^^^^ (^-^ - VGi(y) = and for Y G 9i?(0,i?i) implies 

that 

(4.12) |VGi(y)| = ^<e^ 
For y G dB{0,Ri — p), our choice of p, and 1)3. 6U() ensure 

(4.13) |VGi(y)| ^ ^ 



CT„ {Rl - pY 
1 1 



anR'l (1 - 2(e2= - 1))- 

< '1 . 

~ (1 - 2(e2^ - 1))*" 



Combining (|I?TU)) . (|I?TT|) . (|I?T^ and (|I?T^ we obtain 



(4.14) G{X) > e%Ri - \X\) for X G B(Q,p) with {X -Q,u) < -2^2^62^ - Ip. 

Our next goal is to compare Ri — \X\ to |(X — Q, z/)|. Note that the basic picture is as follows: 
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/ L 
















Jjlx' \ 








6 





'Ri 



i«2 



where 
(4.15) 



\{X-Q,i^)\= cos9x\X -X\<[Ri-\X\ + ) cos^x- 

cos 



Thus smce {X -Q,v) < -ly/ly/e'^^ - Ip < and Ri < R2 < e^^Ri 



(4.16) 



Ri-\X\ > 



1 



> 



> 



cos Ox 
1 

cos Ox 
1 

cos 



\{X-Q,i^)\-{R2-Ri 



\{X -Q,u)\-Ri{e^' -1) 



Je^e - 1 



V2 



> \{X-Q,v)\ 



e2^-l 



Combining (gSl), and (miil) we have that for X e 5(Q, p) with (X-Q; z^) < -2^/2^/7^ 

(4.17) 



G(X) > MQ)(i?i - |X|) 



> KQ) 

> KQ) 



\{X-Q,v)\ 



o2£ 



V2 

e^^ - 1 ■ 
-(X-Q,!.)-— ^p 



Thus choosing e > so that 2\j2\/ e^^ — 1 < (e^^ — 1) 12 < a and we have that for X G B{Q, p) 
(4.18) G(X) = for {X -Q,v)> ap 
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(4.19) G{X) > -h{X)[{X -Q,iy) + ap] for {X -Q,u) < -a p. 

Hypothesis H4.6|) implies that for P,Q ^ 

,4.20) ^-^'^^m^^^'' 

Thus 

(4.21) oscBi^Q,P)h<{e^' -l)h{Q). 

To estimate sx\.Y>B{Q,p)r\n recah that the function V{X) = |VG(X)| is subharmonic and 

bounded on VL\B (O, ^). Hence since B{Q,p) n 0, (Z Q,\B{0, Ri — 2p) the maximum principle 
for subharmonic functions ensures that 

(4.22) sup |VG| < sup |VG| = maxi limsup|VG(X)|, sup \VG\\ . 

B{Q,p)nn n\B{Q,Ri-2p) [ X^dn dB{0,Ri-2p) J 

Let Y E dB{0,Ri - 2p) then B{Y,p) C B{0,Ri) C n since G and d are harmonic on B{Y,p) 
Poisson's representation formula yields for X G B{Y,p) 

Differentiating the expression in 1)4. 23() and applying the obtained formula to X = 1" we obtain 
(4-24) VG{Y) = [ TTP^%^{Y-C)dC 

^n+l JdB{Y,p) \Y -Cr^-^ 

= ^iT2 / G(c)(y-c)dc. 

Wn+l^"+^ JdB(Y,p) 

Thus if Gi denotes the Green function of -6(0, Ri) for i = 1, 2 with pole 0, we have 
(4.25) \VG{Y) - VGi(y)| < ^ / |G(C) - G^{Q)\dQ. 

^n+l^"+^ JdB{Y,p) 
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Using (|nn)) . and we have 

(4.26) |VG(y)-VGi(y)| < ^ / (G2(C)-Gi(C)K 



< 



^n+lP ^ JdB(Y,p) 

1 1 



nn-1 rfn-l 



Cn-Rl(e^^-l) ^ Cn 1 . 2e -, x 



Cn 



it" 

where we used the facts that 1 < ^ < e^^, p = \/2-y/ e^^ — and < i?'"o"„ < e^, with 
e G (0, \). Since Gi(y) = (w^r - ^) then \VG,{Y)\ = For 

y G dB(0, Ri — 2p) and e > smah enough, we have 

1 



(4.27) |VGi(y)| 



uJn+i{n+l){Ri-2p)^ 
1 



c7„i?J(l - 2V2 Ve^^ - 1) 

< f 

(1 - 2^/2Ve2^ - 1)" 

< 6^(1+871^62^^ - 1). 

Combining (|i?22|) . (|i?26|) and (|07|) we obtain 



(4.28) sup |VG| < 6^(1 + 8n\/e2^ - 1) + CnVe^' - 1 

B{Q,P) 

< e'{l + CnVe^' -1) 

< e^'h{Q)il + CnVe^' -1) 

< hiQ){l + CnVe^' -1). 

Thus for e > small enoug h so that Cnie^^ - 1)4 < 1 we have that 

(4.29) sup |VG| < h{Q){l + (6^^ - 1)1/^). 

B(Q,p) 

Note that (|il8|) . (|il9|) . (|OT|) and (|09|) show that for e > smaU enough in terms of n and such 
that (£2^-1)1/12 < (TthenG G F(fT, a; (62^ - 1) V^) inS(Q,p), VQ G ^f) where /> = ^/2\/62e - li^i. 
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Before sketching the proofs of Lemma 14.11 and Lemma 14.21 we indicate how from the 3 lemmata 
above one proves Theorem 12.11 



Proof of Theorem EHJ Let 6' E (O, i) to be chosen. Let a' G {0,ag') as in Lemma [4.21 By- 
Lemma O for a G (0,0-0/) there is e^/ > so that if (gSJ holds, then G E F{a',a', (e^^ - 1)^/^) 
in B{Q,p), for Q e dft with p = V^Ve^^ - IRi, and with {e"^^-' - l)^/^"^ < a'. Note that by 
choosing e' < 8^' so that (e^^"^ — 1)^/^ < agi we have that (e^"^ — 1^/'^ < oqi(o'Y for e < e' . 
Lemma 14.21 ensures that G e F{e'a', 1; (e^*^ - 1)^/^) in B{Q,r]p). Lemma lO now guarantees that 
G € F{2e'a', CO' a'] (e^^ - 1) in B (Q, f ) . Choosing 9' so that CO' + 29' < I we conclude that 
G G F{a\a'] {(?^ - 1)^/^) in B (Q, f ). Since (e^^ - \ < ag>{a'f we can repeat the previous 
argument to show that VA; G N and VQ e (90 G G (e^^ - 1)^/^) in B (q, p^ 

Thus there exists € 5" so that 
(4.30) 
and 

(4.31) G{X)>-h{Q)\{X-Q,Uk) + a'y-) p 



G{X) = Qloi {X-Q,uu)>^' [^) P 



> for {X - Q, Uk) < -a' [ - ) p. 



In particular if L^iQ) denotes the n-plane through Q orthogonal to Vk (|4.30|) and (|4.31|1 imply that 



(4.32) 



D 



dnnBiQ, 



■,Lk{Q)nB{Q,[-j p 



Let r e (0,p) there is A: > so that {^f^^ p < r < {^Y p, let = {^f p. For P G dnnB{Q,r) 
by (jO^ . there exists Z £ Lk{Q) n B{Q,rk) so that l^" - P| < cjVfc. Note that \Z - Q\ < 
\Z-P\ + \P-Q\ < a'rk + r. There exists Z' G seg[Q,Z] such that \Z' -Q\ < r and \Z' - Z\ < a'rk- 
Moreover \Z' - P\<\Z - Z'\ + \Z -P\< 2a'rk. 

For Z E Lk{Q)nB{Q,r), there exists Z' £ LkiQ)r\B{Q,r-a'rk) so that \Z-Z'\ < a'rk- By KTIii 
there exists P G dnnB{Q,rk) so that \Z'-P\ < a'rk- Note that \Z-P\ < \Z-Z'\ + \Z'-P\ < 2a'rk, 
moreover \P — Q\ < \P — Z'\ + \Z' — Q\ < r. Thus P £ dil. n B{Q,r). The previous argument 
ensures that for Q £ and r £ (0,p) there exists an n-plane through Q, L{Q,r) so that 



(4.33) 



-Dldn n B(Q, r), L(Q, r) n B(Q, r)] < 2a'. 



Thus for a £ (O, ^) there exists Eo- > so that if e < So- and supg^ | \ogh\ < e then 9{Q,r) < a 
for r £ (0; /j) with p = V2Ve^^ - IRi. ■ 



We now focus our attention in the proofs of Lemmas 14.11 and 14.21 As mentioned earlier these are 
just small variations of results that appear both in |ACj and jK i 1 j . thus we do not present all the 
details. 
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Proof of Lemma 14. H Without loss of generality we may assume that Qo = £ d^l, p = 1 and 
u = Cn+i- By hypothesis G G F{a, l;r) in Bi = B{0, 1) in the direction e„_|_i, h{Q) > for TC^ 
a.e. Qedn and sup^^ |VG| < e'{l + r) < e^(l + a). This implies that for ip e C^(]R"+i), ip > 



(4.34) / GAp > e-' / (/^dW". 

Let = exp (^ il^9|^p ^ for \Y\ < ^ and r]{Y) = otherwise. Choose sq > to be the maximum 
s so that 

(4.35) Bin{G > 0} C D = {X e Bi : < 2a - srj{x)} 

where X = {x,Xn+i) with x G M" x {0} Note that sq ^ 2(T. Since G £ F{a, l;r) in Bi there exists 
Z E (9L> n n 5 (O, i) . Let B C D'^ he a tangent bah to D at Z. Since (9L> n Bi is smooth and 
sn < 2o" < an for (T„ > small we may assume that the radius of i? is — . Consider the function 
V defined by AV = in L>, F = in dD n Bi and V = 2a — Xn+i on dD\Bi. By the maximum 
principle V > in D and 

(4.36) G<V inD 

as G < y on dD and G is subharmonic. For X € D define F{X) = {2a — Xn+i) — y{X), F is a 
harmonic function on D. Since Z is a smooth point of dD, standard boundary regularity arguments 
(see [(tTI Lemma 6.5]) ensures that supjj^g^ |V-F(X)| < G snpjj \F\ < Gsq < Ga. Therefore 

dV OF 

(4.37) -TT—i^) = 1 + 7^ (^) <^ + Ca. 

OXn+l OXn+1 



Using (|4.37|) and noting that | (Z) — e„+i| < ca we have that if (VV^, n ) — where n denotes 
the outward unit normal to dD then 

dV 

(4.38) ~~db^^^ <l + ca + {l + a)\Tt - e„+i| < 1 + ca. 

Our goal now is to estimate G from below by the linear function —Xn+i up to a constant of order 
a. Let C £ dB (O, |) n {xn+i < — |}- Consider the function a;^ defined by Aa;^^ = in D\B (C, i) , 
a;^^ = on dD uj(^ = —Xn+i on dB ((", |). The Hopf boundary point lemma ensures that 

(4.39) -^{z)>Gn> 0. 

Assume that there exists d > such that VX€i?(^,|) 

(4.40) G{X) <V{X)+adxn+i. 
The maximum principle would then imply that 

(4.41) G{X) < V{X) - dauj^{X) in D\B ( C, J ) . 
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Combining Lemma (|4.38|1 . (|4.33p . H4.5|) and the hypothesis that e G (0,o") we would have 

(4.42) 1 - cj < 1 - e < -^{Z) - da^{Z) <1 + Ca- Cnda 

on on 

which is a contradiction for d large. Thus fr d large enough (depending on n) there are points 
X(; e B (C, I) such that 

(4.43) G{X^) > V{X^) + da(X^)n+i. 

Let X £ B (X^, i) then noting that V{X) > —Xn+i for X e D, using the fact that sup^^ < 
e^(l +0") and (|4.43|) we have for C7„ small enough 

(4.44) G{X) > G(X^)- sup \VG\\X-Xi;\ 

He,'.) 

> V{X^) + da{X^)n+i + <yV 

> -{X^)n+i + da{X^)n+i - ^{l + CT)e' 
5 7, 1, 

for fj < an- Since G(X) > for X G S (X^, ;^), G is harmonic on B (X^, and so is F — G. 
Moreover F - G > on 5 (X^, i) D 5 (C, |) . 

Harnack's inequality combined with 1)4. 43() yields 

(4.45) (V - G)iO <Cn{V- G){X^) < -Cda{X^)n+i < Ca 
and 

(4.46) G(C) > V{C) -Ca> -Cn+i - Ca. 

For X G -D n S (O, i), X = C + tXn+i for some ( e dB (O, f) n {x„,+i < -i} then (jOH]) implies 
that 

(4.47) G(X) > G(C) - (1 + a)e'^t > -(C„+i + t)-Ca 

since G G F((T, l;r) in i?i in direction e„_|_i, inequality (|4.47|1 ensures that G G F{2a,Ga;T) in 
(O, ^) in direction e„+i. I 

Lemma 14.21 is proved by contradiction, using a non-homogeneous blow-up. Assume that Lemma 
14.21 does not hold. There exists £ (0, 1) such that for every rj > (later we specify one) and 
every non-negative decreasing sequence {aj} there is a sequence {tj} with Tjaj'^ — > so that 

(4.48) G G F{aj,aj;Tj) in B{Qj,pj) in direction i^j 
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but 
(4.49) 



G F(6'oo-j,1;Tj) in B{Qj,r]pj). 



Since the estimate in Lemma 14.21 is to hold uniformly on compact sets we assume that for each 
j S N, Qj G K and that limj^oo Qj = Qo S Qq 7^ where K is fixed compact set in 

Note that if G G F{a, a; r) in B{Q, p) in direction v then G G -F(4ct, 4(t; r) in B (^P, in direction 
1/ for every P G 517 Pi B (Q, ■^). Let iZj be the rotation which maps M""^^ onto {{x,t) = x + tvj : 
X G {iyj)^;t > 0}. Let = pJ^Rj^{n - Qj), d^lj = pJ^Rj^{dn - Qj). Define 



(4.50) Gj{X) = M pjRjX + Qj) 



1 

Pjh{Qj 

and for Q G Silj 



(4.51) h,{Q) = -^^h{p,R,Q + Q,). 

Note that Gj is a positive multiple of the Green function of flj with pole —pJ^Rj^Qj. Note 
that \pJ^Rj^Qj\ > foi" J large enough. Thus for ip G C^(M"^"'^) and j large enough so 
support (y9 C B ^0, ■'^^^ we have 

(4.52) / GjAifdX = I ifhjdTT- 



with 

(4.53) sup |VGj| < 1 + Tj and osc ^ with hj{0) = 1. 

B{0,1) 

Moreover 

(4.54) Gj G F{aj,aj;Tj) in i?(0, 1) in direction Cn+i 
but 

(4.55) 0F(0ofTj,l;T,) in 5(0, r?) 
with fjj — > and TjO'j'^ ^ as j — > oo. 

We define sequences of scaled height functions (in the direction e„+i) corresponding to dQj. We 
prove that this sequence converges to a subharmonic Lipschitz function, and use this information 
to contradict ()4.55|) for j large enough. For y G B{0, 1) n x {0} = B' define 

(4.56) f+iY) = sup{/i : {yiajh) G d{Gj > 0}} < 1 
and 

(4.57) /r (Y) = inf {h : (y, a^/i) G d{Gj > 0}} > -1 
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Lemma 4.4 (Non-homogeneous blow up (Lemma 7.3 | AC | ) ) There exists a subsequence kj 
such that for y & B' 




Corollary 4.1 (Corollary 7.4 fACp The function f that appears in (^3Sp is a continuous func- 
tion in B' , /(O) = 0; and and fj7. converge uniformly to f on compact sets of B' . 

The proofs of Lemma 14.41 and Corollary 14.11 are identical to those that appear in |ACj or |KTlj , 
thus we omit them here. 

Lemma 4.5 (Lemma 7.5 |ACp The function f introduced in Lemma \4.4\ is subharmonic in B' . 



Proof. This proof is done by contradiction. Assuming that / is not subharmonic in B' we 
contradict the fact that '^J'^tj as j — > oo. In fact if / is not subharmonic in B' there exists 
2/0 G B' and p > so that B'{yQ, p) C B' and 

(4.59) /(yo) > ^ f{x)dx. 

dB'{yo,p) 



Let 

(4.60) = ^^B,,,..,,n-)^ 



2 

Let g be the solution to the Dirichlet problem 

f Ag = in B'{yo,p) 

^ ' I g = f + eo on dB'{yo,p). 

Note that 

(4.62) f <gondB'{yo,p), and 



(4.63) g{yo) = y g{x)dx = y f{x)dx + eo 

dB'(yo,p) J dB'{yo,p) 



9{yo) -- 2 

(4.64) g{yo) < f{yo). 

Summarizing, we have the following picture. 



l{f{yo)+ f fix)dx\ 
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Ag = in B'{yo,p) 

(4.65) { 9 > f in dB'{yo,p) 

g{yo) < f{yo) 

The main idea of the proof is to compare the n-dimensional Hausdorff measure of d{Gk > 0} 
on the cyhnder B'{yQ,p) x (—1, 1) to that of the graph of ak^g on the same cyhnder to obtain a 
contradiction from an estimate on the size of the area enclosed by these 2 surfaces. In order to 
simpHfy the notation we relabel the sequences that appear in Lemma 14.41 We also introduce some 
new definitions. 

Let Z = B'{yQ,p) x M be the infinite cylinder. For <j) defined on define 



(4.66) Z+(0) = {iy,h)eZ 

Z-{cp) = {{y,h)eZ 
Z\^) = {{y,h)eZ 



h > 0(y)} 
h < (b{y)} 



We may assume that for k large enough 

(4.67) n^{Z^{akg)nd{Gk>0}) = 0. 

(It might be necessary to modify g above by adding a suitable constant which can be chosen as 
small as one wants. In particular the function g would still satisfy (|4.62l) and 1)4. 63() . 

Claim 1 For k large enough 

(4.68) W"(Z+(^7fc5) n d{Gk > 0}) < l±Itn-(^z\akg) n {Gk > 0}). 

Claim 2 Let Ef^ = {G^ > 0} H Z^ (a^g)- E}^ is a set of locally finite perimeter and 

(4.69) n^{Z n d*Ek) < n^{d{Gk > 0} n Z+{akg)) + n^{{Gk = 0} n Z°{akg)). 
Here d*Ek denotes the reduced boundary of E^. 
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Claim 3 There exists a constant C > such that 

(4.70) n^{Z n d*Ek) > n^{Z\aug)) + Calp\ 



Before proving tiie claims we indicate how combining inequalities ()4.68|) , H4.69() and ()4.7U|1 we obtain 
a contradiction. Combining ()4.68|) . ()4.69|) and H4.7U() and using ()4.67|) we have 

(4.71) n^{Z\akg)) + Calp^ < H"(Z n d^E^) 

< n'\d{Gk > 0} n z+{akg) + w"({Gfc = 0} n z-{akg)) 

< }±Illn^(^z\cjt,g) n {Gk > 0}) + W"({Gfc = 0} n Z^a^g)) 



which implies 



< ^^n^^Z^^akg) n {Gk > 0}) + n'^iz^akg)) 



(4.72) Calp- < -^n^[z\akg)n{Gk>0}) 

2rfc 



p (vq) 



For Tfc < i and Ufc < 1 (|4.72() yields Cci^ < C'r^ which contradicts the fact that TfcO"^ ^ — > as 
k ^ oo. Thus we conclude that / is subharmonic in B' . 

Proof of Claim ^ Since /ifc(O) = 1 and osc _b(o,i)^A: < Tk we have that 

(4.73) W"(Z+(afc5)na{Gfc >0}) = [ dTT 

< / hkdW. 

For Lp G C^(M"^^) and /c large enough we have 

(4.74) - ! VGkVif = [ iphkdTe. 

Letting if Xz+{akg)^ (|4.74|) yields 

(4.75) - j VGk I hkdrr 

J{Gk>0}ndZ+{akg) Jd{Gk>0}nZ+iakg) 

where ly denotes the outward pointing unit normal. Combining l|4.67() . (|4.73|) . 1)4. 75() and 1)4. 53() we 
have that 

(4.76) W"(Z+(c7fc<7)na{Gfc >0}) < [ \VGk\ 

i - Tfc J{Gk>0}ndZ+{akg) 

< ^±Ihn-^{Gk>0}nZ^{akg)). 

i- - Tk 
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The proof of Claim [21 is straightforward. The proof of Claim El is identical to the one that appears 
in either |ACj or |KTlj . thus we do not present it here. 

To obtain the desired contradiction we need to prove that / is Lipschitz. This proof relies on the 
following lemma which claims that / converges to its average faster than linearly in an integral 
sense. 

Lemma 4.6 (Lemma 7.6 |AC p There is a constant C = C{n) > such that for y G By 2 ~ 
B (0, i) n E" X {0} 

[■\ 1 

(4.77) 0< / _(4,-/(y))dr <C 

Jo f 

where 

jn-l 



(4.78) fy,r = ^ fdK 

dB'{y,r) 

Proof. The proof is very similar to the ones that appear in [Xn] and [KTT| . Nevertheless since the 
minor differences are technically important we sketch the proof here pointing out how to overcome 
the difficulties that arise in this situation. For the complete details we refer the reader to |ACj or 
|KTlj . Without loss of generality we may assume that y = 0. Since /(O) = it is enough to show 

(4.79) < ^ / fdn""'^ < C 







dB' 



where B'^ = B'{0,r) and C only depends on n since / is subharmonic (see Lemma l4.5|) then for 
r G (0, /(O) < Jg^, fdTi^"^ which proves the first inequality. 

Let h > 2a j be small and let Gh denote the Green function of B (O, |) H {xn+i < 0} with pole 
— hcn+i- By refiection Gh can be extended to a smooth function on (O, |) \{±/ien+i} with 
Gh{x.,Xn+i) = — G(x,— x„+i) for Xn+i > 0. For j large let Gj^{X) = Gn{X + (Tje„+i) be defined 
on B (i, -ajCn+i) \{(Tj ± /i)e„+i}. We denote by = B (O, \) and by B{j^ = B (i; -ajCn+i)- 
We may assume that 7i'^{dBy^ n d{Gj > 0}) = 0. Green's formula ensures that 

(4.80) - / {VGj,VG{) = [ Gjd.Gi - G,{-{h + a,)en+i), 

where 9j/G^ = (VG^,i^), and v denotes the inward pointing unit normal to dB^^- On the other 
hand 

(4.81) -/ {VGj,VG{)=[ hjG{d7e. 

JdB{^^ Jd{G,>o}nBl^^ 
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Let Vj denote the inward point unit normal to d^j = d{Gj > 0} then by Green's formula we have 

(4.82) / , {Gi VGl Uj)d7e = {aj + h)+ Xn+id,Gl 
JB^/2n9{Gj>0} JBl^^n{Gj>0} 

Combining (|On)) . (|OT|) and we obtain 

(4.83) / Xn+idvjG{drr 
J Bl^^r\d{Gj>o} 

- / {xn+i + Gj)duG{ + Gj{-{h + aj)en+i) - {aj + h) 
I (-^ + {en+u^,)]G{dn- 

iBi/2n9{Gj>0} - / 

-Tj I hjG{dn'' + Gj{-{h + aj)en+i)-{cJj + h) 

JBi/2nd{Gj>0} 

- f {xn+i + Gj)d,Gi 

[ f + ^""+1' ^^-^l + + ^^■)^j(-(^ + - (^^- + ^) 

JBi/2n9{Gj>0} V J- ~ / 

- / {Xn+l + G,{l+Tj))d,Gi 
JdBL„nW,>0} 



Bi/2r\d{Gj>0} 



ldBl^^n{Gj>0} 



~1] 



Since aj — h < —aj and Gj £ F{aj,aj;Tj) in -6(0, 1) in direction e„+i, then Gj^ < on 9{Gj > 
0} n Bl^^. Furthermore since hj{0) = 1, by hj > 1 - tj on ^^^2 ^ ^{^'i > 0}- 



Thus 

(4.84) / fJ:^ + (^er,+uu,))Gi<0. 
Since Gj{0) = ensures that 

(4.85) \Gj{-{h + aj)en+i)\ < sup \VGj\{h + aj) < (1 + rj-)(^ + 

B(0,1) 

Hence 

(4.86) (1 + Tj)Gj{-{h + aj)en+i) - {aj + h) < 3Tj{h + aj) 
Since {Gj > 0} C {xn+i < crj}, by 1)4. 53(1 for Xn+i < crj we have in -8(0, 1) 

(4.87) Gj{x,Xn+i) = \Gj{x,Xn+i) - Gj{x,aj)\ < {l + Tj){aj - x„+i) 
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which yields 

(4.88) Xn+l < Xn+l + Gj{l + Tj) < (1 - (1 + Tjf )Xn+l + (1 + TjfcTj. 

Thus 

(4.89) < Xn+i + (1 + r^)Gj < (1 + Tjfa^ for Xn+i G [0, cXj] 

(4.90) -(jj < Xn+i + (1 + Tj)Gj < (1 + Tj)aj for x„+i G [-0-^,0]. 
Since Gj G F{aj,aj;Tj) in i?(0, 1) in direction e^+i with hj{0) = 1 then 

(4.91) Xn+1 + Gj{l + Tj) > Xn+1 + il + Tj){-Xn+l - 

> -TjXn+1 - (Tj(l + Tj) > -fTj(l + Tj) for < -ffj 

We combine the fact that duG{ > with and (|OT1l and obtain that 

(4.92) - [ {xn+i + (1 + T,)G,)a,Gi < ajil + r,) /" 

Combining (ITOl) . (ITOl) . KM^ . the fact that cTjVj < 1 for j large enough, and that 

1 > h > 2a j we conclude that 

(4.93) — / Xn+id,^Gi<9aj + 2 [ ^ d,Gi. 
o'i JB{^^r^^{Gj>o} J ^B\'^lr^{GJ>o}r^{xr,+l<o} 

limsup— / Xn+idvjG\ < 2 / dyGh < Gh. 

j^oo CTj J Bl^^nd{Gj>0} i9Bi/2n{a;„+i<0} 

of the argument is identical to the one that appears in |KTlj in the proof of Lemma 0.9. 

Lemma 4.7 (Lemma 7.7 and Lemma 7.8 [AC]) The function f introduced in Lemma \4-4\ ^-^ 
Lipschitz in By-^^ with Lipschitz constant that only depends on n. Furthermore there exists a large 
constant G = C{n) > such that for any given 6 £ (0, 1) there exists r] = r]{9) > and I G x {0} 
with \l\ < c so that 

(4.95) f{y)<{l,y) + lr] foryeB'^. 
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The proof of this lemma basicahy appears in |ACj and |KTlj 

Now we indicate how the last 2 lemmata yield a contradiction in the proof of Lemma f4.21 Recall that 
by assuming that the statement in Lemma 14.21 is false we can construct sequences of function {Gj} 
and {hj} satisfying and From them as in (|137)) and Lemmas 

14.41 14.51 14.61 and l4.7l we can produce a subharmonic Lipschitz function / on By^^ satisfying (|4.95l) . 

Recall that by Lemma [4 .41 and Corollarv l4.1l f is uniform limit of the functions defined in (|4.56l) . 
Therefore Lemma |4. 71 yields that for 6 G (0, 1) there exists ?? > so that for j large enough 

(4.96) f+{y)< {l,y)+ 97] foi ye B'^, 
which by definition means that 

(4.97) Gj{X) = for X = (x,x„+i) G 5(0, r/) with x„+i > aj{l,x) + Orjaj. 
Let i> = {l + cj2|/|2)-V2(_^^.;^ 1) (|07|) implies that 

(4.98) G,iX) = for X G 5(0, rj) with {X, u) > ^^^^^1^2^/2 ^ ^^^cx, 

for j large enough. But ()4.53|) and 1)4. 98|) state that Gj £ F{29rij, 1;Tj) in 5(0, r/) in direction u 

k 

2 



This contradicts statement (|4.55|) in the case that 9 = which concludes the proof of Lemma l4.2l 



and thus that of the Theorem 12.11 

5 Applications 

Lemma 5.1 Assume that Q, C M"^-'^ satisfies \2.f^) . Then there exist eo > and > such that 
if 

(5.1) sup I \ogh\ < eq 

an 

then for Q £ dil and r G (0, tq) 

(5.2) C-V" < ?t:"(af]n5(Q,r)) < C7„r", 
where Cn is a constant that only depends on n, i.e. dfl is Ahlfors regular. 



Proof. Let a G (O, |) be small enough in Theorem 12.11 then there exists ei > such that if 
sup^fj I log/i| < ei, then dO, is cj-Reifenberg flat. This ensures that there exists pi > so that for 
Q G dQ and r < pi 

(5.3) W"(ai7 n B{Q, r)) > (1 + a)~^w„r" > iw^r" 
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(for the proof see Remark 2.2 in jKT2j ). By Lemma 14.31 there exists < £2 < £i so that if 
supgfj I log h\ < e with < e < £2 there exists ps = p > such that for Q £ dCl, 
G G F{a,a; (e^^ — 1)"'^''^) in B{Q,pi;). Thus in particular for r < min{p£,pi} 

(5.4) sup |VG| < h{Q){l + (e^^ - 1)^/^) < e"(l + (e^^ - 1)^/^). 

B{Q,r) 

Hence 

(5.5) n''{dnnB{Q,r)) = [ h\dT-r 

JB{Q,r)ndn 

JB{Q,r)ndn Jdn 

< -e+^ / {V^,VG)dn''+\ 
Jn 

for any non-negative if E C^(M"^^) such that 99 = 1 on B{Q,r) and support 99. 

In particular if ip is chosen so that 99 S C^{B{Q,2r)) for r < ^min{p£,pi} and \Vip\ < 2/r, ()5.4() 
and (|5.5() yield for £ > small enough 

(5.6) W"(5(Q, r) n aO) < e'-e'{l + (e^^ - l)^/^)c^„+ir"+i < 4u;„+ir". 

r 

Choosing £0 = min j} and Po = ^ ^inj/'eo' /'li conclude that (|5.2|) holds. 

Corollary 5.1 Assume that Q C satisfies \2.9^) . Then given 5 > small enough there exists 

£ > such that if 

(5.7) sup I log/i| < £ 

an 

t/ien 0, is a S-Reifenberg flat chord arc domain. 



Proof. By Theorem l2.1l dO, is (5-Reifenberg flat provided £ > is small enough. Since is bounded 
and -6(0, ri) C O C B{0,R2) it is easy to show that it satisfies the separation property. Therefore 
O is a 5-Reifenberg flat domain and for 5 > small enough it is also NTA (see |KT2j ) . Moreover if 
£ < £0 Lemma l5 . II ensures that for r G (0,ro) (|5.2() holds. Since 17 is bounded it is easy to see that 
for r G (0, diamr?), (|5.2)) also holds with a constant that only depends on n, and ^lMn^l_ Thus is 
a chord arc domain. I 



The crucial information contained in Lemma l5.1l and Corollarv l5.1l is that bounded domains which 
are sets of locally finite perimeter and satisfy ()2.9|) belong to a family of chord arc domains with 
uniform constants. 

Corollary 5.2 Assume that Q C M"^^ satisfies \2. y\) . There exists £1 > so that ifsupg^ \ log/i| < 
£1 and log/i G YMO{dn) (resp. log/i G C'^^'^idn)) then Q is a chord arc domain with vanishing 
constant (resp. Q, is a (7'^+^'" domain). 
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Proof. By choosing ei > smaU enough Corollary 15 . 1 1 ensures that is a (5-Reifenberg flat chord 
arc domain. Choosing (5 > as in the statement of the Main Theorem in |KT3j we conclude that 
if logh G VMO then "n G VM0(90). Choosing 5 > as in the statement of Alt and Caffarelli's 
theorem we conclude that if log h G C'^'" then $7 is a (7'^+^'" domain. I 

Corollary 5.3 Assume that Q C M"'^"^ satisfies \2. 9^) . There exists £2 > so that it sup^f^ | log h\ < 
£2 o-nd log /i G C^'^ there exists a homeomorphism ip : B{0,Ri) Q, where ij) and ip~^ are C^''^. 



Proof. By the work in |ACj and Corollary 15 . 1 1 we know that there exists 5 > and £ > depending 
on J > so that if supg^ | log h\ < e and log h G C'^'" then is a C^'° domain. Moreover using the 
proof of Theorem 8.1 in |ACj and ()4.7|) above we conclude that 



(5.8) 



niQ) 



Q_ 

\Q\ 



< 6. 



Here r? (Q) denotes the outward unit normal to dQ. Since Q is a bounded C^'" domain there 
exists r G (O, ^) so that for Q e dn n B{Q,r) can be written as the area below the graph of 
a C^'" function (with small C^'" norm 1 over the n-plane through Q and orthogonal to it (Q). 
Inequality (|5.8|) guarantees that i}nB{Q,r) can also be seen as the area below the graph of a C^'" 
function (with C^'" norm less than C6) over the n-plane through Q and orthogonal to This 

implies that the spherical projection 5 : dQ — > B{0,Ri) S{Q) = Ri-^ is a 1-1 map. Moreover 
since B{Q, Ri) G S is onto and Lipschitz on 90. In particular 0, is star shaped with respect to 
the origin. 

Since S is smooth on M"'^^\i? (O, ^) and OJl is a C^'°^ submanifold it is clear that 5 is a C^'°' map 
from dn onto B{0,Ri), and S''^ is a C^'" map from dB{0,Ri) onto dn. For X G n\B (O, ^) 
there exists a unique Qx G dn so that |f| = The previous remark ensures that the map 

that to X G n\B (0, associates Qx is a C^'" map. Our goal is to construct a homeomorphism 
$ : 17 ^ B{0,Ri), such that $ and ^>^i are C^'". Let X £ Q and define 



(5.9) g{t) 



t t£[0, 
J^^{t-f)' + t foriG[f,|Qx|]. 



In particular g G C'^'^{[0,\Qx\]), 5(0) = and gi\Qx\) = Ri- Moreover since \Qx\ > Ri, for 
£ < 51' > on [0, \Qx\] thus 51 is 1 — 1 and maps [0, \Qx\] onto[0, Ri]. For X £ Q define 



(5.10) ^X)=g{\X\)^ 




for X €B (0, ^) 
f)' + \X\] ^ for Xen\B{0,f). 



Note that <I> is a C^'"^ map. For Y G B{0,Ri) C 17 there exists a unique Qy G 517. Since g 
is a bijection there exists a unique t G [0, |(5y|] so that \Y\ = g{t). Since 17 is star-shaped with 
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respect to the origin there exists X Q, such that X = ^j^^- This imphes that ^{X) = Y. If 
= <5(X') g{\X\) = g(\X'\) and ^ = Since g is 1-1, \X\ = \X'\ which yields X = X' . 
Thus $ : O ^ 5(0, -Ri) is a C^'" bijection. It is easy to check that is also C^'". ■ 

Lemma 5.2 Assume that Q C M"^"*^ satisfies \2. y\) . Given 5 > d there exists e > such that if 
supgf^ I log h\ < e with e < eq then there exists Pe > such that for r G (0, pe) and Q £ d^l 

(5.11) HrwQ,r)ndn) 



Proof. Let ip £ C^(M"+^) such that suppt/? then 



(5.12) - / (V^,VG) = / fhda. 

Jn Jdn 

By choosing ip as an approximation of XB{Q,r) we obtain after passing to the limit that for a.e. 
r > with r < ^ 



(5.13) / hdH"" = [ 

JdnnB(Q.r) Jai 



ldnnB{Q,r) JaB{Q,r)nn \ \^ - Q\. 

For the details of this computation see |KT4j section 3. 

Let 6' = 6' (6) G (0,1) and choose e'g G (0,3) so that if sup|log/i| < e' for e' G (0, Eq) then 
O is a 5'-Reifenberg flat chord arc domain (see Corollary 15. If) and G £ F ^^,^5(6^^'"^)^^^^ in 

B (q, (^)%') for ah Q £dn,k>l where p' = VlV^^Ri and ?? G (O, i) (see Lemma lOl and 
the proof of Theorem 12.11 namely (|4.30|) and (|4.31|) ). 

By Lemma lOl B{0,Ri) C n C B(0,i?2) with e'"' < GnR'l < cr^R^ < e^'. Note that since 
&1 (.2e' _ i)i/4\ -^^ Q fg^ i^tp') for k > 1 then G G F{6',6', [e?^' - Xfl^) in B{Q,r) 



for r G (0,p'). Thus there exists ng^ G so that 

(5.14) G(X)=0 for (X - Q; ^ ) < -(5'r 
and 

(5.15) G{X)>h{Q){{X-Q-^r)-b'r\ for (X - Q; ) > 
To estimate the term in the right hand side of (|5.13jl consider 

(5.16) < / /vG; ,^ ~ ^1 \ dye 



dB(Q,r)nn \ l-'^ - <3I 
JaB(Q,r)n{x+tn^ :t>2v^r} \ " VI 



+ / \VG\d7e 

JdB{Q,r)n{x+tn^ :-5'r<t<2\/5'r} 



31 



Here the decomposition x + tng^r means that x G L{Q,r) where L{Q,r) is an n-plane through Q, 
orthogonal to ng^ . 

Given our choice of r, Lemma 14.31 guarantees that 

(5.17) sup |VG| < h{Q){l + (e^^'i - 1)^/^) < /i(Q)(l + 2{e')^/^), 

B{Q,r) 

for Eq smah enough. 

Using H5.17() a simple computation yields 



(5.18) / \VG\dl-r < C„V(^'r". 

Combining 1)5. 14() . 1)5. 15() and 1)5. 17() we have for X G B{Q, r), X = x + tnq^r with t > 26'r > 2\f&r 

(5.19) /i(Q)(t - b'r) < GiX) < /i(Q)(l + 2(e')'/')(t + S'r). 
Note that for such X, if d{X) denotes the distance from X to then 

(5.20) r>d{X)>t-6'r>^. 



As in (14.241) and (14.251) we have that 



_2n+2 p 

(5.21) VG(X) = jnFT;^ , ^GiOiX-Qd^ 

a;„+id(X)"+^ Jasfx,^) 



2"+2 



c^„+i(i(X)"+2 
2"+2 



Job x.^^] 



dB{X,- ^ 

where \ = {C,- Q, 'nQ,2r)- Note that if C G <9-B (^X, , then C G 5(Q, 2r). The first equality in 
()5.21() applied to the function guarantees that 

2^+2 /" ^ 

(5-22) ITYW / ^,^^^/i(Q)ic(^-C)dC = MQ)nQ,2.. 

UJn+ld{X)''+^ JdB(^X,^^ 

Since < 2r using ()5.19|) we have that 

(5.23) \VG{X)-h{Q)TtQ,2r\ < ^u^^f , ,,,, JG'(C) - MQKI^C 

JdB(x,^\ 



^ ^^((e')^/V + 6'r) < Cn^{{er/'r + 6'r). 
d[X) t 
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x-Q 



Using H5.2U() and ()5.23|1 we can estimate the remaining term in ()5.16|) . Namely 

(5.24) / 0\ 

JdB{Q,r)n{x+t'n Qy.t>2V5'r} \ 1-^-^1 

< HQ) [ U + CnKQ) ^'"^'"^ ^' r\ 

JdB{Q,r)n{x+tli Qy.t>2VS'r} \ 1-^-^1/ VO 

Choosing e'q > so that e'q < {5')^, and recalhng that h{Q) < e/ < 2 (j5.24|l becomes 

(5.25) / _ (^^'^^)^^" 

< HQ) [ 

JdB{Q,r)n{x+tlt Q^2r-t>0} \ \^-^\/ 

+21-C (dB{Q,r)n ({x + ?n Q,2r 0}A{x + q,,. : t > 2^/6'r})) + GUVS' r 



A simple computation shows that the angle between r?Q,2r and 'n g^r is less than C6'. This fact 
combined with H5.13() applied to the function tli g 2r instead of G and H5.25() implies 

JdB{Q,r)n{x+tli Q^r,t>2V5'r} \ " / 



< HQ) [ dW" + C„\/^r" 

iL(Q,2r)nBfQ.r) 



' L{Q,2r)nB{Q,r) 

Combining (OTTll . (IO?Hl, (fOT^ and (1^:^ plus the fact that e"^' < /i(P) < e^' for P G we 
conclude for r < \/2\/ e^^' — 

(5.27) n''iB{Q,r)ndn) = [ h{P)h'^{P)dK'' 

< e'' [ hdrC < e2='a;„r" + C„V^r". 

JB{Q,r)ndn 

By our choice of > (so that e'q < {S')'^) we have that for r < e^^' — IRi 

(5.28) n''{B{Q,r)ndQ) < (j„r"(l + C7„ V^). 

Choosing (5' > so that C„((5')^/^ = 5, and eo the corresponding e'q we have proved the statement 
of Lemma 15.21 I 

Corollary 5.4 Assume that C M""*"^ satisfies \2.9^) . Given 5 > t/iere exists e > suc/i t/iai i/ 
supgf^ I log /i| < e i/ien Vt is a 6-chord arc domain. 
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Proof. From the proof of Lemma l5.ll (see ()5.3|) ) and Lemma 15.21 we have that given 6 > there 
exist e > and p > so that if sup^f^ | log h\ < e then for r G (0, p) and Q £ dCl 

(5.29) .^H"0»nm.))^ . 

By Theorem 12. II we also know that p > can be chosen so that 

(5.30) 9{Q,p)<6. 



This is a straightforward consequence of Corollary 4.5 (for the proof see |KT21 §2]). 

Corollary 5.5 Assume that Q C M""*"^ satisfies k2.f^) . Given 5 > there exist e > and p > 
such that ifsupQQ \ logh\ < e then 



(5.31) ll"*ll*(p)= sup sup y 

Qedno<r<p yj £ 



\n — n Q^r\ da \ < 5. 

B{Q,r)ndn 
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